In the mechanical testing of metallic foams, an important issue is the e!ect of the specimen size, relative to the cell size, on the measured properties. Here we analyze size e!ects for the modulus and strength of regular, hexagonal honeycombs under uniaxial and shear loadings. Size e!ects for indentation of a honeycomb are evaluated using "nite element analysis. Finally, the results for honeycombs are extrapolated to foams. The results are compared with data for metallic foams in the following, companion paper.
Introduction
The use of metallic foams in lightweight structural sandwich panels or in energy-absorbing devices requires a knowledge of their mechanical properties. Standard test methods are currently being developed (see, for instance, Refs. [1}5] ). An important issue is the e!ect of specimen size on the measured properties. Size e!ects arise when the macroscopic dimensions of the specimen become of the order of the microstructural length scale of the material: for cellular materials this is the cell size which, for most metallic foams, ranges from about 2}6 mm. The main question addressed here is: how large should a specimen be relative to the cell size in order for the measured response to be indicative of a bulk sample of the material?
Size e!ects can arise from a change in the constraint of the cell walls at the boundary of a specimen as well as from stress-free cut cell edges at the surface of a specimen. Both e!ects lead to decreasing moduli as specimen size relative to the cell size decrease. The e!ect of a change in constraint at the boundaries has been modelled for #exural specimens by assuming that the inner region of the specimen has the modulus of the bulk material while the outer region has a reduced modulus, re#ecting the reduced constraint [6] . The model gives a good description of the e!ect of the ratio of cell size to specimen size on the measured Young's modulus of reticulated vitreous carbon foams. Size e!ects are also predicted in Cosserat elasticity, which allows for couple stresses. For instance, such size e!ects have been predicted for two-dimensional gridworks [7] , and threedimensional cubic lattices [8] . Size e!ects associated with Cosserat elasticity lead to an increase in moduli with decreasing specimen size relative to the cell size. Cosserat e!ects are di$cult to measure but have been observed in rigid polyurethane and polymethacrylimide foams [9, 10] . The latter study suggests that surface damage may dominate Cosserat e!ects in specimens if the damaged layer is as small as 3% of the cell size. For this reason, we do not consider Cosserat e!ects further in this study.
At low strains open-cell foams deform primarily by elastic bending of the cell edges. At su$ciently high loads, plastic hinges form, giving rise to a stress plateau. In closed-cell foams cell edge bending is accompanied by cell face stretching and yielding, increasing their sti!ness and strength above those of open-cell foams. The presence of a variety of defects in the structure of closed-cell metallic foams (for instance, curvature or cracks in the cell walls) reduces the face stretching contribution, giving measured properties only slightly above those expected for opencell foams. In practice, bending and hinging are the main mechanisms of deformation and failure in both open-and closed-cell metallic foams [11}15].
Idealized, two-dimensional honeycombs have been widely used in understanding the behavior of real three-dimensional foams [16}19]. In this paper we adopt the regular hexagonal structure as our model material, because of its attractive feature of having cell wall bending and hinging as its major deformation mechanisms, similar to its three-dimensional counterpart. We analyze size e!ects in uniaxial compression (Section 2), simple shear (Section 3), and indentation (Section 4). Results are presented in terms of overall elastic and plastic properties as a function of the ratio of specimen to cell size. Attention is focused on the microstructural origin of the di!erent size e!ects and its relation to the constraints imposed by the boundary conditions. Finally, suggestions for extending the results to three-dimensional foams are given in the discussion (Section 5). In the companion paper, the analytical results are compared with measurements of the e!ect of specimen size on the mechanical properties of aluminum foams.
Uniaxial loading
Consider an in"nitely long, regular hexagonal honeycomb, symmetric with respect to its centerline, loaded in uniaxial compression or tension (see Fig. 1a ). For slender cell walls, the deformation is primarily by bending. The cell walls are assumed to be elastic-perfectly plastic and are treated as beams of length¸, thickness t, out-of-plane depth, d, moment of inertia I, Young's modulus E Q and yield stress WQ . The "nite width = of the honeycomb is expressed as times the cell size D"(3¸; for non-integer values of , the outer cell walls at the free edges are stress-free. In this section we analyze the Young's modulus and yield stress of the honeycomb as a function of its width. 
Young's modulus
The overall elastic sti!ness is calculated from the small strain bending de#ection of the cell walls. We "rst focus on the case. 1) (2. Making use of the available symmetries, the problem reduces to that of the free-body diagram of Fig. 1b , where the stress-free outer cell walls are omitted. The force F is related to the applied stress by F" =d"(3 ¸d. Moment equilibrium in the beams and joints yields
Force equilibrium of the left joint in Fig. 1b gives
To solve for the three moments M , M , M we use one additional equation of compatibility of deformation (i.e. rotation) of the individual beams. Fig. 1c shows the deformed geometry with the rotations exaggerated for clarity. Since the joints are assumed to be rigid, the beams do not rotate locally relative to each other, leading to the compatibility equation
The end-beam rotations are related to the moments by the slope-de#ection relations
Comparing the initial con"guration with the deformed con"guration ( Fig. 1c ) yields for the downward displacement of the unit-cell (assuming small rotations):
Substituting the moments in the slope-de#ection relations yields for the rotations " " (3F¸/(24E Q I) and "0. Comparing this with the solution for the in"nitely wide honeycomb, " "(3F¸/(48E Q I) and "0, Eq. (8) directly shows that the downward displacement is twice as large for the "nite-sized honeycomb as a result of the large rotation of the outer joint ( ). This is related to the released constraint on the outer joint causing the bowing out of the outer cell wall, which is absent in the in"nitely wide honeycomb. Using "2 /(3¸)and I"dt/12 we "nd the Young's modulus of the honeycomb
Calculations have also been carried out for 2) (3 and 3) (4, which follow similar lines as above and will not be shown here. Although the calculations are straightforward, they become rather lengthy for large . For two larger values of ( "8 and 16) a "nite element analysis was performed using the commercial software package ABAQUS (Hibbitt, Karlson and Sorenson, Pawtucket, RI). Both honeycombs were 17 cells high, a relatively large value, yet necessarily smaller than the in"nite height assumed in the analytical solution. The cell walls were assumed to be linear elastic, with E Q "70 GPa and "0.3 and a thickness-to-length ratio, t/¸"0.078. Each cell wall of the honeycomb was modelled using a single beam element; a previous convergence study showed that this was su$cient for convergence [20] . Uniaxial loading was simulated by imposing a uniform displacement in the vertical direction while the sides of the honeycomb were free to move in the horizontal direction. Young's modulus was calculated from the stress (the total force divided by the area of the honeycomb) divided by the strain (the applied displacement divided by the initial height of the honeycomb).
Both the analytical and numerical results are summarized in Table 1 and plotted in Fig. 2 , normalized by the reference result for the in"nitely wide honeycomb (see Ref. [19] . Fig. 2 shows that the sti!ness is discontinuous at integer values of . In our analysis, the number of load-carrying vertical beams averaged over the width of the honeycomb increases discretely with . In a random structure (e.g. a foam) this will clearly not be the case. To account for this in an average manner, a`scatter-banda is constructed by connecting the maxima as well as the minima of the -intervals ( Fig. 2) . Clearly, the overall trend is that the sti!ness drops considerably for smaller specimens and that it converges to the bulk sti!ness for large specimens. The origin of this trend can be traced back to two phenomena: (i) the area fraction of stress-free (non-load-carrying) cell walls increases with decreasing width; (ii) the non-zero rotation of cell-wall joints at the free surface allows for an increased vertical de#ection for narrow specimens.
Plastic collapse
The plastic collapse strength of the honeycomb is calculated using limit load analysis to estimate the upper and lower bounds for the plastic limit state, assuming that the cell walls are perfectly plastic (a good approximation for a wide range of metals and polymers). An upper bound for the case 1) (2 (see Figs. 1a and b) is obtained by considering the kinematically admissible displacement "eld that develops when plastic hinges form at the end points of the inclined members in Fig. 1b (where the moments M and M act). The upper bound follows from equating the work done by the force F with the plastic work done at the hinges:
where is the rotation at the hinges and M N " dt/4 is the plastic moment (neglecting the e!ect of axial stresses). Substitution of the force F"(3 ¸d and plastic moment M N yields the upper bound
A lower bound can be obtained by analyzing any statically admissible moment distribution, i.e. any distribution of M , M , M that satis"es Eqs. (1) and (2), the boundary conditions and does not violate yield anywhere. We choose the moment distribution that follows from solving Eqs. (1) and (2) augmented with the condition M "M , yielding
The lower bound follows from equating the maximum moment with the fully plastic moment M N , resulting in
Since the upper and lower bounds are equal, this must be the exact solution. Repeating the above arguments for larger values of shows that we can write the results for the plastic collapse stress H NJ in the general form
with * @SJI , the reference value for the in"nitely wide honeycomb [19] :
The results are summarized in Table 1 and plotted in Fig. 3 . Again, we connect the maxima and minima, showing the average trend of decreasing strength for small specimens and a convergence to the bulk value for large specimens. The decreased strength is directly related to the increased area fraction of stress-free cell walls for small specimens. This causes load shedding to the other cell walls, increasing the net-section-stress and thus lowering the overall yield stress. 
Shear
We analyze a in"nitely wide, regular hexagonal honeycomb loaded in shear by rigid top and bottom plates, as shown in Fig. 4a . The honeycomb has a "nite height H with a discrete integer number, n, of cells of dimension, S"3¸/2. The cell walls are perfectly bonded to the plates, resulting in clamped boundary conditions. We allow the cell wall lengths at the plates, a and b (see Fig. 4a ) to vary according to a"c¸, b"(1!c)¸, with 0)c)1, so that a#b"¸.
Shear modulus
As in the previous section, we assume that t¸so that the honeycomb deforms predominantly by bending, allowing shear and axial deformations of the cell walls to be neglected. We "rst analyze H/S"1. Incorporating all symmetries yields the periodic unit cell shown in Fig. 4b . The force F is related to the applied shear stress according to F"(3¸ d.
We analyze the equilibrium equations in the beams and joints: !2M> #M\ "0,
complemented by the compatibility equations for the end-beam rotations
which follow from the deformed con"guration shown in Fig. 4c . Substitution of the slope}de#ection equations .
I , in Eqs. (8) and (9) yields
Solving Eqs. (17) }(20), (23) and (24) for the moments and substituting a"c¸and b"(1!c)y ields
The shear strain is calculated from the deformed geometry ( Fig. 4c) :
Clearly, the deformation comes from bending of the upper and lower cell walls (associated with > and \ , respectively) as well as rotation of the joints (associated with \ and > ). Substituting the appropriate rotations and moments, F"(3¸ d and using I"dt/12, a"c¸and b"(1!c)¸gives the shear modulus of the honeycomb one cell high (H/S"1):
with B"18c!36c#21c!3c!1. Similar calculations have been carried out for H/S"2 and 3 (see Table 2 ). The results are plotted in Fig. 5 as a function of c, normalized by the reference value for the in"nitely wide honeycomb [19] GH
(27) Fig. 5 shows that for a given H/S, the sti!ness is maximum for c"0.5. For c"0.5 the relative sti!ening e!ect is rather high for H/S"1 (4.20) and drops considerably for H/S"2 and 3 (1.50 and 1.29, respectively). For c"0, the sti!ening is negligible (1.13, 1.05 and 1.03 for H/S"1, 2 and 3, respectively). Finally, in Fig. 6 the same results are plotted in a di!erent format, using bars to show the range of possible values depending on the value of c.
Plastic shear strength
Limit load analysis is used to determine upper and lower bounds for the plastic shear strength. We "rst focus on H/S"1 (Fig. 4b) . The upper bound is found from two di!erent kinematically admissible displacement "elds. The "rst is associated with the shearing mechanism for the formation of plastic hinges at the end points of the upper cell walls (of length a, see Fig. 4b ).
Equating the work done by the force F with the plastic work done at the hinges, yields
where is the rotation at the hinges and M N is the fully plastic moment. Substitution of F"(3¸ d, M " dt/4 and a"c¸yields the upper bound SN " WQ 2(3c ţ .
(29) Fig. 5 . Shear modulus of a honeycomb of "nite height, H, normalized by that of in"nite height, plotted against c. c"a/L as shown in Fig. 4a . Fig. 6 . Shear modulus of a honeycomb of "nite height, H, normalized by that of in"nite height, plotted against the number of cells along the height, H/S. H is the honeycomb height and S is the cell height, as shown in Fig. 4a .
The second mechanism is associated with plastic hinges at the end points of the lower cell walls (of length b, see Fig. 4b ). This yields
We now consider the minimum upper bound for every value of c, which gives
To obtain a lower bound we analyze the statically admissible moment distribution that follows from solving Eqs. (17)} (20) augmented with the equations M "M\ and M 2 "M> . This yields
The lower bound follows by equating the maximum moment and the fully plastic moment M N . For 0)c)
, M (or M\ ) is the maximum moment and for )c)1 it is M 2 (or M> ), which yields for the lower bound
which is identical to the upper bound given in Eq. (31) and therefore must be the exact solution for the plastic limit state. From Eq. (32) we learn that the strengthening e!ect is at most a factor of 2, which is reached at c" and it vanishes at c"0 (and, equivalently, c"1). Using similar arguments as above for larger (discrete) values of H/S yields solutions that are equal to the plastic shear strength of the in"nitely thick specimen [19] showing no strengthening e!ect. The results are summarized in Fig. 7 in a similar format as the shear modulus ( Fig. 6) . Clearly, the strengthening e!ect has a rather short range, disappearing for honeycombs two cells high.
Indentation
The e!ect of the size of a rigid indenter on the indentation strength of a regular hexagonal honeycomb of unit depth was modelled using "nite element analysis with the commercial software package ABAQUS (Hibbitt, Karlson and Sorenson, Pawtucket, RI). The honeycomb had a width ="55 S and a height H"24D: this size was found to be large enough to eliminate any in#uence from the boundaries. Three indenter sizes (w/S"4, 8 and 12) were analyzed. The relative density was 0.09 (t/¸"0.078). The loading con"gurations are shown in Fig. 8 . The full mesh for one indenter size is shown in Fig. 8(a) while Fig. 8 Normalized indentation stress-deformation curves for the three indenter sizes are shown in Fig. 9 . The indentation strength was calculated as the total force on the indenter divided by the indenter area. The indentation strength, normalized with respect to the compressive strength, is plotted against the normalized indenter width, w/S, in Fig. 10 . As in Figs. 2 and 3 , the family of lines showing decreasing indentation stress arises from a constant indentation load with increasing indentater size for indenters which span between cells. Although the indentation stress decreases with increasing punch diameter, the dependence is weak.
The decrease in the indentation strength as the ratio of the indenter size to the cell size increases can be understood as follows. The total load on the indenter (of width w and depth d) is the sum of Fig. 9 . Normalized indentation stress plotted against normalized de#ection for indentation of a honeycomb. A uniaxial stresss}strain curve for the honeycomb is included for comparison. Fig. 10 . Normalized indentation strength plotted against the ratio of indenter width to the cell size, w/S. that required to crush the honeycomb beneath the indenter and that required to fully yield (and then tear) the cell walls at the perimeter of the indenter:
The #at faces of most closed-cell foams provide some support to the cut edges. In practice, the closed-cell aluminum foam tested in the companion study has been found to behave mechanically like an open-cell foam due to microstructural imperfections such as cell wall curvature [21] . For the aluminum foam tested as part of this study, we assume that the faces do not sti!en the cut cell edges at the surface appreciably.
On average, the plastic collapse strength of a honeycomb increases with increasing up to a plateau value representative of the bulk material. The reduced strength for small specimens is caused by the presence of a layer of cell walls at the free edge that does not carry load; on average, this layer is one-fourth of a cell size thick. The analysis can be extended to foams by considering a square prism of foam of width d H (d H is the cell size), with a layer of d H /4 thick at the surface that does not carry load. Equating the applied force at plastic collapse, NJ d H , with the force in the foam, @SJI d H ( ! ) yields NJ @SJI "
( ! ) .
This relation directly carries over the size-e!ect found in honeycombs to foams. It can be used as an approximation for the e!ect of the ratio of specimen size to cell size on the uniaxial compression strength of foams. The calculations of the shear sti!ness and strength (see Section 3) were performed for an idealized, regular, hexagonal honeycomb. Based on dimensional arguments, they do not need extrapolation to three dimensions as the compression results did, as stress or strain gradients in the third (out-of-plane) direction do not develop when the foam is thick enough. Consequently, no size-e!ects are present in this direction and the results for the two-dimensional honeycomb can be used as an approximation for the size e!ect in shear in three-dimensional foams.
Dimensional arguments suggest that for a foam loaded by a circular indenter, the indentation strength is related to the cell size d H and the indenter radius R by
The results of the models are compared with data for the uniaxial modulus and strength, and the shear and indentation strengths of aluminum foams in the following companion paper.
